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Abstract
A non-isolated vertex x ∈ V (G) is called C3-free if x belongs to no triangle
of G. In [1] Burger, Mynhardt and Weakley introduced the idea of universal
fixers. Let G = (V,E) be a graph with n vertices and G′ a copy of G. For
a bijective function pi : V (G) 7→ V (G′), we define the prism piG of G as
follows: V (piG) = V (G) ∪ V (G′) and E(piG) = E(G) ∪ E(G′) ∪Mpi , where
Mpi = {upi(u) : u ∈ V (G)}. Let γ(G) be the domination number of G. If
γ(piG) = γ(G) for any bijective function pi, then G is called a universal fixer.
In [3] it is conjectured that the only universal fixer is the edgeless graph Kn.
In this note, we prove that any graph G with C3-free vertices is not a universal
fixer graph.
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1 Introduction
Let G = (V,E) be an undirected graph. The neighborhood of a vertex v ∈ V (G)
in G is the set NG(v) of all vertices adjacent to v in G. For a set X ⊆ V (G), the
open neighborhood NG(X) is defined to be
⋃
v∈X NG(v), the closed neighborhood,
NG[X ] = NG(X) ∪X and we denote by [X ] the subgraph of G induced by the set
of vertices X. For two sets of vertices X,Y ⊆ V (G), we denote by E(X,Y ) the set
of edges xy ∈ E(G) such that x ∈ X and y ∈ Y.
A set D ⊆ V (G) is a dominating set of G if NG[D] = V. The domination number
of G, denoted by γ(G), is the minimum cardinality of a dominating set in G. A γ-set
of G is a dominating set of G of cardinality γ(G). If a set of vertices A ⊆ V (G) is
dominated by a set of vertices D ⊆ V (G), that is, if for every vertex v ∈ A there is
u ∈ D such that vu ∈ E(G), we write D ≻ A. A set S ⊂ V (G) is a 2-packing of G
if NG[u] ∩NG[v] = ∅ for every distinct u, v ∈ S.
Definition 1 Let G = (V,E) be a graph and G′ a copy of G. For a bijective
function pi : V (G) 7→ V (G′), we define the prism piG of G as follows:
V (piG) = V (G) ∪ V (G′) and E(piG) = E(G) ∪ E(G′) ∪Mpi,
where Mpi = {upi(u) : u ∈ V (G)}.
It is clear that every permutation pi of V (G) defines a bijective function from
V (G) to V (G′), so we indistinctly use the permutation pi of V (G) or the associated
bijection pi : V (G) 7→ V (G′).
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It is known [3] that for any permutation pi and any graph G, the domination
numbers γ(G) and γ(piG) have the following relation: γ(G) ≤ γ(piG) ≤ 2γ(G). The
graph G is called a universal fixer if γ(piG) = γ(G) for every permutation pi of V (G).
Universal fixers were studied in [3] for several classes of graphs and it was con-
jectured that the edgeless graphKn is the only universal fixer. In [2], [4] and [5] it is
shown that regular graphs, claw-free graphs and bipartite graphs are not universal
fixers.
2 Useful lemmas
In what follows, we suppose that the graph G = (V,E) has n vertices. For x ∈
V (G), the copy of x in V (G′) is denoted by x′. Similarly, if A ⊂ V (G), we denote
A′ = {u′ ∈ V (G′) : u ∈ A}.
Definition 2 A γ-set A of G is called a separable γ-set (or an A1-γ-set) if it can
be partitioned into two nonempty subsets A1 and A2, such that A1 ≻ V −A.
In [3], the following lemma is proved:
Lemma 1 If A = A1 ∪ A2 is an A1-γ-set of G, then:
1. A2 is an independent set;
2. E(A1, A2) = ∅;
3. A2 is a 2-packing of G.
For an A1-γ-set A in G and a permutation pi, we denote B
′
1
= pi(A1), B
′
2
= pi(A2)
and B
′
= pi(A). It is clear that B
′
= B
′
1
∪B
′
2
. If the permutation pi is the identity,
then B
′
1
= A
′
1
and B
′
2
= A
′
2
.
Definition 3 We say that an A1-γ-set A = A1 ∪ A2 is effective under some per-
mutation pi if B
′
= pi(A) is a B
′
2
-γ-set in G′, where B
′
2
= pi(A2).
Observation 1 By Lemma 1, if an A1-γ-set A is effective under some permutation
pi, then B
′
1
= pi(A1) is an independent set, E(B
′
1
, B
′
2
) = ∅ and B
′
1
is a 2-packing in
G′.
The next Theorem is proved in [3].
Theorem 2 A graph G 6= Kn is a universal fixer if for every permutation pi of
V (G) there exists a separable γ-set which is effective under pi.
3 Main result
Definition 4 Let G be a graph. We say that a non-isolated vertex x is C3-free if
x belongs to no triangle of G.
Observe that x ∈ V (G) is C3-free if and only if [NG[x]] ∼= K1,m with m ≥ 1.
Our main result is the following theorem.
Theorem 3 If G has a C3-free vertex x, then G is not a universal fixer.
Proof. Let G be a graph and x a C3-free vertex of G. Denote by X the subgraph
[NG [x]] ∼= K1,m of G for m ≥ 1. We define pi : V (G)→ V (G
′) such that:
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1. pi(v) = v′ for every v ∈ V (G) −X ,
2. pi(v) 6= v′ for every v ∈ X and
3. if m ≥ 2 and pi(v) = u′, then pi(u) 6= v′ for every u, v ∈ X .
Let A = A1 ∪ A2 be an arbitrary separable γ-set of G. We prove that A is not
effective under pi.
Since X = [NG [x]] , we get that |A ∩X | ≥ 1 for every dominating set A. We
consider the following three cases.
Case 1. A ∩X = {v}.
(1) If v ∈ A1, then pi(A2) = A
′
2
= B′
2
and v′ ∈ V (G′)−B′. By Lemma 1, we have
that E(A1, A2) = ∅. Thus E({v′} , A′2) = ∅ and it is a contradiction to the
fact that B′
2
= A′
2
≻ V (G′)−B′.
(2) If v ∈ A2 and pi(v) = w′, then the definition of A1 implies that there ex-
ists u ∈ A1 such that uw ∈ E(G). Hence u
′w′ ∈ E(G′) and consequently,
E(pi(A1), pi(A2)) 6= ∅, which is a contradiction to Observation 1.
Case 2. A ∩ X = {u, v}. Recall that for every u, v ∈ X we have that either
uv ∈ E(G), or uv /∈ E(G) and N(u) ∩N(v) 6= ∅.
(1) If u, v ∈ A1, then |B′1 ∩X
′| = 2. Thus B′
1
is neither independent nor a
2-packing, a contradiction to Observation 1.
(2) If u, v ∈ A2, then A2 is neither independent nor a 2-packing, a contradiction
to Lemma 1.
From (1) and (2), we conclude that
|A1 ∩X | ≤ 1 and |A2 ∩X | ≤ 1 (1)
for every A1-γ-set and therefore we only have to consider the case when u ∈ A1 and
v ∈ A2. Since E(A1, A2) = ∅, vertices u, v and x are all distinct. Analogously, since
E(B′
1
, B′
2
) = ∅, vertices pi(u), pi(v) and x′ are all distinct too. By the definition of pi,
if pi(y) = z′, then pi(z) 6= y′ for every y ∈ X . Thus there exists z ∈ X ∩ (V (G)−A)
such that either pi(u) = z′ 6= v′ or pi(v) = z′ 6= u′.
1. Suppose pi(u) = z′ 6= v′. Since A1 ≻ V − A, there exists w ∈ A1 such
that zw ∈ E(G) and pi(w) = w′ ∈ B′
1
. Then z′w′ ∈ E(B′
1
, B′
1
), which is a
contradiction with Observation 1.
2. Suppose that pi(v) = z′ 6= u′. Since A1 ≻ V − A, there exists w ∈ A1 such
that zw ∈ E(G) and pi(w) = w′ ∈ B′
1
. Then z′w′ ∈ E(B′
1
, B′
2
), which is a
contradiction with Observation 1.
Case 3. |A ∩X | ≥ 3. In this case, |A1 ∩X | ≥ 2 or |A2 ∩X | ≥ 2, which is
impossible by (1) of Case 2.
From these cases, we conclude that every separable γ-set is not effective under
pi. By Theorem 2, the graph G is not a universal fixer.
Recall that the girth of a graph G is the length of a shortest cycle contained in
the graph. Notice that in a graph G with girth four or more, every vertex is C3-free.
In particular, the bipartite graphs satisfy this condition.
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